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In the present work, we investigate the possibility of obtaining stellar interiors for static self-
gravitating systems describing an anisotropic matter distribution in the framework of Rastall gravity
through gravitational decoupling by means of minimal geometric deformation approach. Due to
Rastall gravity breaks down the minimal coupling matter principle, we have provided an exhaustive
explanation about how Israel-Darmois junction conditions work in this scenario. Furthermore, to
obtain the deformed space-time, the mimic constraint procedure has been used. In order to check
the viability of this proposal, we have applied it to the well known Tolman IV solution. A complete
thermodynamic description of the effects introduced by the additional source is given. Additionally,
the results have been compared with their similes in the picture of pure general relativity, pure
Rastall gravity and within the framework of general relativity including gravitational decoupling.
To perform the mathematical and graphical analysis we have taken the gravitational decoupling
constant α and the Rastall’s parameter λ as free parameters and the compactness factor describing
the general relativity sector to be 0.2. Besides, to provide a more realistic picture we have bounded
both parameters α and λ by using real observational data to explore the limits of the theory under
this particular model. Applications to study neutron or quark stars are suggested by using this
methodology.
PACS numbers:
I. INTRODUCTION
Put forward by P. Rastall in 1972 [1], the so-called
Rastall gravity theory can be seen as a modified gravity
theory or as a generalization of Einstein gravity theory ı.e
General Relativity (GR from now on). Rastall’s proposal
is based on the argument that the energy-momentum ten-
sor, which fulfills the conservation law (null divergence)
in a flat space-time (Minkowskian space-time), does not
necessarily fulfill it in a curved background. The viola-
tion of Bianchi’s identity occurs through the introduction
of a covariant term in the Einstein field equations through
a dimensionless coupling constant λ. Specifically, this
term corresponds to the Ricci’s scalar curvature R. Al-
though the field equations given by Rastall do not have
an associated Lagrangian density from which they can
be obtained, these as a generalization of the GR equa-
tions respect the symmetries of the theory ı.e, the general
coordinate transformation.
Despite that the new term is introduced by hand, its
prevalence modifies not only the field equations but also
the way of coupling material fields to the gravitational
interaction. Clearly, the principle of minimal coupling
matter breaks down. However, this brings with it new
and intriguing contributions which can be useful to un-
derstand certain commonly studied phenomena such as
cosmological issues, collapsed structures (black holes),
stellar structures, gravitational waves, etc. In this di-
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rection, Rastall gravity is as competitive as other mod-
ified gravity theories such as f(R) and f(R,T ) theories.
As it is well known f(R) gravity theory was developed to
address inflationary cosmological problems [2, 3]. Nowa-
days, f(R) gravity has been used in a wide context by
addressing cosmological problems such as the existence
of dark components (dark energy and dark matter), stel-
lar structures, among others. An incomplete list of recent
works concerning these issues can be found at the follow-
ing references [4–22] (and references contained therein).
Furthermore, to face related open questions in the cos-
mological scenario f(R,T ) gravity is also a promising ap-
proach [23]. In this respect f(R,T ) gravity theory can be
seen as an extension of f(R) gravity. Where T stands
for the trace of the energy-momentum tensor. The cor-
rections coming from the trace of the energy-momentum
tensor can be attributed to quantum effects [23]. A wide
variety of works available in the literature devoted to
tackle the accelerated expansion of the Universe, energy
conditions, stellar interiors and so on, are found at the
following references [24–48]. In comparing f(R,T ) gravity
with Rastall theory, both theories break the minimal cou-
pling matter scheme. However, the former smashes the
minimal coupling matter principle by introducing mat-
ter and geometric terms (curvature invariants) while the
second one by inserting only geometric objects, precisely
the Ricci’s scalar. The effects introduced by the addi-
tional term have been extensively studied on different
fronts to test at least theoretically how close the results
are in comparison with the broad support that GR has.
In this respect, the well known Tolman solutions have
been extended into the Rastall gravity arena [49] in or-
der to contrast the behavior of the main salient features
2with the corresponding GR ones. Furthermore, to re-
inforce the study of stellar interiors in the Rastall sce-
nario an anisotropic model in the background of Krori-
Barua (KB) space-time was done in [50] (in [51] the same
authors considered KB space-time supplemented by an
equation of state, specifically a quintessence model) and
an isotropic compact object using conformal Killing vec-
tor technique was reported in [52]. Regarding the strong
gravitational regime, remarkable solutions of black holes
were presented in [53, 54]. These works motivate the in-
vestigation of the most exciting features and properties
of these fascinating objects. For example the thermo-
dynamic was studied in [55–57] and rotating black holes
were addressed at references [58, 59]. It is worth mention-
ing that in the context of black holes solutions GR and
Rastall gravity share the same vacuum solution [1]. This
is so because when the Rastall parameter goes to zero
(λ→ 0), the Rastall contribution disappears. Moreover,
in the limit λ→ 0 all GR results are recovered.
Based on these good antecedents, in the present work,
we want to investigate the possibility of obtaining com-
pact structures which serve to describe stellar interiors
in the light of Rastall gravity theory. To accomplish it
we employ gravitational decoupling by means of minimal
geometric deformation (MGD) approach [60, 61]. This
methodology was developed to deform Schwarzschild
space-time [62, 63] in the Randall-Sundrum framework
[64, 65]. In few words, gravitational decoupling through
MGD algorithm consists in to extent well behaved
isotropic solutions (however is not necessary to consider
the input solution to be isotropic, it can be anisotropic,
charged, etc.) of Einstein gravity theory to anisotropic
domains. To do so, one needs two main ingredients: i)
add an extra source θµν to the energy-momentum tensor
of the seed solution via a dimensionless coupling con-
stant α. The presence of this extra piece in conjunction
with a spherically symmetric and static space-time (in
Schwarzschild like-coordinates) leads to an intricate sys-
tem of equations with seven unknown functions (if the
seed solution is taking to be isotropic). To solve this com-
plicated system and translate the isotropic fluid distribu-
tion to an anisotropic scenario ii) perform the MGD on
one of the metric potentials (usually on the radial metric
component eλ). With this deformed potential in hand,
the tangled system is separated into two simpler sets.
The first one is the usual Einstein system and the second
one contains the θ-sector and the decoupler function f(r)
introduced in the MGD to split the system of equations.
However, the latter one contains four unknown and only
three equations. Then this system must be supplemented
with extra information in order to close the problem. At
this stage, a couple of comments are in order. First,
after decoupling the systems, the resulting ones fulfill
Bianchi’s identities (the conservation law of their corre-
sponding energy-momentum tensors), meaning that the
original source and the extra one only interact gravita-
tionally. Second, the additional term could represent a
scalar, vector or tensor field. Moreover, in principle, this
new sector could not necessarily be described by GR. For
a more detailed discussion of how this machinery works
see sections III and IV and the following references [66–
72].
This last two years gravitational decoupling using
MGD has attracted many adepts. In this respect some
well known solutions (uncharged, charged) of the Ein-
stein field equations have been extended by using MGD
[73–85]. Also, Black holes in 3 + 1 (Schwarzschild outer
space-time) [86] and 2 + 1 (BTZ black hole) [87] dimen-
sions were extended, the (anti) de Sitter space-time was
worked in [88] and also the inverse problem was addressed
in 3 + 1 dimensions [89] and 2 + 1 dimensions including
cosmological constant [90]. Regarding another branches
the method has been employed in cloud of strings [91],
Klein-Gordon scalar fields as an extra matter content
[92], extended to isotropic coordinates [93] and ultra com-
pact Schwarzschild stars, or gravastars [94]. Moreover,
the method was widespread to include deformation on
both metric potentials, it was called the extended-MGD
[95–97]. More recently gravitational decoupling was used
to investigate higher dimensional compact structures [98]
and spread out to the context of Lovelock [99] and f(R,T )
[100] gravity theories and in the cosmological scenario
[101].
So, as we pointed out above our main goal is to in-
troduce gravitational decoupling by means of MGD in
the Rastall gravity picture. This will bring new insights
on how compact objects behave by the inclusion of lo-
cal anisotropies in the light of Rastall theory. Moreover,
the possibility of comparing with other modified grav-
ity theories and GR results in order to check the via-
bility from both theoretical and experimental point of
view. To do so, we have followed the same procedure
given in [61]. The approach proposed in [61] in order
to solve the θ-sector is to impose some suitable restric-
tions on the thermodynamic quantities that character-
ize the seed solution (the isotropic pressure p and the
energy-density ρ) and the components of the extra source
θµν . These restraints are referred as mimic constraints.
These mimic constraints yield to an algebraic or differen-
tial equation that allows to obtain the deformation func-
tion f(r). Each mimic constraint leads to a different
anisotropic solution, for example, the two common mimic
constraints worked in the literature are: i) p = θrr and
ii) ρ = θtt . This means that the radial component of the
θ-sector mimics the isotropic pressure the temporal one
mimics the energy-density of the seed solution. Although
there is not a physical foundation to support the afore-
mentioned choices, until now they have not presented any
physical or mathematical inconsistency or any behavior
that is detrimental to what is reported within the frame-
work of general relativity. Moreover, studies conducted
in general relativity concerning to interior solutions with
anisotropic component have been favored (or reinforced)
in a certain way when the described mechanism has been
considered. However, in favor of these considerations,
it should be noted that the mimic constraints have been
3imposed at the level of the equations of motion, which en-
sures the closure of the system of equations to be solved
and also a correct physical and mathematical behavior
of the θ-sector components. Therefore, one ends with a
well-behaved solution. In addition, the virtues of each
restriction are unique. For example, when the r− r com-
ponent of the θ-sector mimics the seed pressure p(r), the
total mass of the structure does not change, it is only
redistributed inside the object. On the other hand, the
election ρ = θtt changes the total mass of the compact
object. Consequently, the first case does not distinguish
between an isotropic and an anisotropic object of similar
characteristics (mass and radius). This is so because the
surface gravitational red–shift zs is the same in magni-
tude. Nevertheless, in the second case, one can differenti-
ate between a distribution with isotropic material content
from another with anisotropic content, since in the latter
zs varies as expected with respect to its isotropic coun-
terpart, changing its magnitude. It is worth mentioning
that another way to face the problem is imposing and
adequate form of the decoupler function f(r) respecting
all the physical and mathematical requirements as was
done in [73, 74, 98].
In the present work, we have considered both mimic
constraints. Due to Rastall gravity departs from GR only
by the presence of the Ricci scalar coupled to the theory
through the so-called Rastall’s parameter λ, then there
are not higher-order derivative terms of the metric poten-
tials (no more than two spatial derivatives) in the theory.
This feature facilitates the gravitational decoupling and
we have done it in such a way that the deformation func-
tion and the resulting components of θ-sector contain the
effects of Rastall gravity. This allows the new contribu-
tions to be compared exhaustively with respect to what
is obtained in pure Rastall gravity and the results of RG
and RG + MGD. In addition, to contrast our results we
have taken the geometry of the inner space-time to be
Tolman IV. This solution which describes a spherically
symmetric and static object whose material content re-
spects a perfect fluid distribution has already been ex-
tended to anisotropic domains by MGD [61] and has also
been studied in the Rastall gravity picture [49]. One of
the most notable features of Rastall’s theory of gravity
is that any perfect fluid solution of Einstein’s equations
is also a solution of it. Obviously, this is from the ge-
ometrical point of view because the material content is
different due to Rastall contribution. Furthermore, to
handle with the numerical part we have taking as free
parameters the gravitational decoupling constant α and
the Rastall’s parameter λ and considering a compact-
ness factor within the allowed range for compact stars to
be u = mGR(R)/R = 0.2. In this respect, it is worth
mentioning that the coupling constant α plays an im-
portant role in the behavior on the main salient features
and has a relevant incidence on the mass of the compact
structure. Although we have only considered positive
values for α, in order to obtain a physically acceptable
solution. Notwithstanding, α < 0 is not completely dis-
carded. Particularly the choice ρ = θtt , for some solu-
tions such as Heintzmann IIa [75] and Durgapal-Fuloria
[77], requires that α takes negative values to avoid non-
physical behaviors. In our case, α < 0 is forbidden in
considering both mimic constraints. So, the final de-
formed Tolman IV space-time is in complete agreement
with what is expected in this research field. On the other
to check the feasibility and limits of the theory we have
bounded both α and λ by using real observational data.
Finally, we want to mention that it is the first time that
gravitational decoupling by MGD is used in the Rastall
gravity scenario.
So, the article is organized as follows: In Sec. II we
revisited in brief the main ingredients of Rastall gravity
theory and its comparison with other theories. In Sec.
III the field equations for multiple sources are presented.
Sec. IV discuss the gravitational decoupling via mini-
mal geometric deformation scheme in the Rastall gravity
framework. Next, in Sec. V the matching conditions are
analyzed and extensively discussed as well as the bind-
ing energy in present context. In Sec. VI Tolman IV
space-time is projected into the anisotropic domain us-
ing the methodology previously discussed. Furthermore,
the problem is faced by employing the mimic constraint
approach, in order to determine the decoupler function
f(r) and the new sector, the θµν one. Sec. VII talks
about the physical implications of the mimic constraints
procedure on the principal macro physical observables of
the model as well as the maximum and minimum order
of magnitude of the free parameters α and λ allowing
to contrast with real values of compact objects. In the
following section, Sec. VIII the principal physical, obser-
vational and mathematical implications of the obtained
model are highlighted. Finally, Sec. IX provides some
remarks of the study reported in this article.
II. REVISITING IN SHORT: RASTALL
GRAVITY THEORY
The main idea behind Rastall’s proposal [1] is to aban-
don the free divergence of energy-momentum tensor in a
curved space-time. Explicitly it reads
∇µT µν 6= 0. (1)
So, this non-conserved stress-energy tensor introduces an
unusual non-minimal coupling between matter and geom-
etry. Specifically, this non-minimal coupling is carried
out into the theory by the following assumption on the
divergence of the energy-momentum tensor
∇µT µν = λ∇νR. (2)
In the above expression R ≡ gµνRµν stands for the
Ricci’s scalar and λ is the so-called Rastall’s parame-
ter which is used to depict the distraction from GR and
measures the affinity of the space-time geometry to cou-
ple with matter field in a non-minimal fashion. The as-
sumption given by Eq. (2) is completely consistent with
4the following field equations
Rµν − 1
2
Rgµν = κR (Tµν − λRgµν) , (3)
where κR is the Rastall gravitational constant. It is
worth mentioning that in the limit λ→ 0 Einstein’s field
equations are recovered, then the energy-momentum ten-
sor (2) is conserved. However, the above field equations
(3) can be expressed in the following form
Gµν = κRT
(eff)
µν , (4)
and in some sense one regains the standard result
∇µT (eff)µν = 0. Now, by taking the trace of Eqs. (3)
the Ricci scalar can be written as
R =
κRT
4λκR − 1 , (5)
then the effective stress-energy tensor reads
T (eff)µν = Tµν −
γT
4γ − 1gµν , (6)
where γ = κRλ. From now on we shall assume κR = 1,
then γ = λ. From Eq. (6) one can infer several con-
straints. Again taking λ = 0 the Rastall sector disap-
pears and one recast GR. If a traceless energy-momentum
tensor is considered, such as the electromagnetic one,
Rastall contribution is totally vanished because T = 0.
Additionally, λ = 1/4 represents non-physical situation.
So, this value must be excluded in order to avoid incon-
sistencies. From now on, we will consider Tµν to be a
perfect fluid matter distribution, which is given by
Tµν = (ρ+ p)uµuν − pgµν . (7)
We utilize a comoving fluid 4-velocity uσ = e−ν/2δσt ,
and ρ and p are representing the energy-density and the
isotropic pressure respectively. So, the components of
T
(eff)
µν are given by
T
t (eff)
t = ρ
(eff) =
(3λ− 1) ρ+ 3λp
4λ− 1 , (8)
T r (eff)r = T
ϕ (eff)
ϕ = T
φ (eff)
φ = −p(eff) = −
(λ− 1) p+ λρ
4λ− 1 .(9)
In obtaining the expressions (8) and (9) we have used
T = ρ − 3p. Moreover, as before λ = 0 yields us to Eq.
(7). As we will see later the isotropic quantities ρ and
p will be separated carrying out in their expressions the
corresponding Rastall contributions.
Despite its attributes, recently was claimed by Visser
[102] that Rastall gravity theory is equivalent to Ein-
stein’s general relativity theory. The main concern of
Visser was that the defined energy-momentum-tensor
provided by Rastall was not right and that Rastall’s the-
ory is just the rearrangement of the matter sector of GR.
Of course as can be seen from Eq. (4) the fields equation
given in the original Ratsall’s article [1] can be adjusted
to recast the usual Einstein field equations. However, in
distinction if the energy-momentum tensor is conserved
or not, this rearrangement can be performed in any mod-
ified gravity theory e.g. f(R, T ) gravity [23], f(R) the-
ory [103] among others, where the terms non conform-
ing Einstein tensor are grouped giving rise to an effective
energy-momentum tensor. So, it does not imply that GR
is equivalent to these theories. In fact, such equivalence
exists only in particular cases such as: Putting f(R) = R
in f(R) gravity theory, or dropping out the T term and
setting f(R) = R in f(R, T ) gravity [104]. Therefore, one
can conclude that Rastall’s proposal is not equivalence
to GR unless λ → 0. What is more, recently, from the
f(R, T ) Lagrangian formulation was obtained the corre-
sponding Lagrangian functional associated with Rastall’s
theory [105] and Go¨del-type solutions in the cosmologi-
cal scenario were investigated [106]. At this point it is
relevant to compare Rastall’s theory with other modified
theories of gravity which violate the conservation of the
energy-momentum tensor. As it is well known the orig-
inal f(R) gravity proposal respects Bianchi’s identities.
However, this theory was extended by including extra
terms which violate the minimal coupling matter prin-
ciple. Then, the energy-momentum tensor associated to
this formulation in not conserved [107]. Specifically, the
modified Einstein-Hilbert action reads
S =
∫ {
1
2
f1(R) + [1 + βf2(R)]Lm
}√−gd4x, (10)
where f1 and f2 are arbitrary functions of the Ricci’s
scalar and Lm is the Lagrangian matter characterized
by the constant β. The field equations provided by the
above action (10) are given by
∇µTµν = βF2
1 + βf2
[gµνLm + Tµν ]∇µR. (11)
As it is observed, Eqs. (2) and (11) are in some sense
comparable, since both shown a non-trivial coupling be-
tween the gravitational and material sectors. In Eq. (11)
Tµν is representing the usual energy-momentum tensor
describing isotropic, anisotropic matter distribution, etc.
If the term βf2 is taking to be constant, namely βf2 = K
then F2 ≡ df2/dR = 0, thus the usual conservation law
is regained. Also the familiar conservation equation is
recovered from (11) when β → 0 as in the Rastall case
when λ→ 0.
The theory described by (10) has been analyzed and
contrasted with the well established GR results, in several
situations such as, in the study of stellar interiors [108],
Newtonian approximation [109] and galaxy/cluster dy-
namic [110]. Respect to stellar interiors one of the most
important concern in this area is the equilibrium of the
compact structures under different forces. This analy-
sis is carried out by employing the modified Tolman–
Oppenheimer–Volkoff (TOV) equation. The TOV equa-
tion in the GR context reflects the conservation of the
5energy-momentum tensor. Of course, in the present
case as well as in (10), the non–conservation of energy-
momentum tensor introduces an extra term in the TOV
equation. Explicitly for an isotropic material content this
equation reads
ν′
2
(ρ+ p) +
dp
dr
− λ
4λ− 1
d
dr
(ρ− 3p) = 0, (12)
ν′
2
(ρ+ p) +
dp
dr
− 2βpdR
dr
= 0. (13)
It should be noted that the nature (attractive or repul-
sive) of the force introduced by the extra term in the
above expressions in principle depends on the sign of the
constants λ and β respectively. Nevertheless, these pa-
rameters must be constrained by solar system tests.
In comparing the Newtonian limit reproduced by
Rastall gravity theory and (10) for a perfect fluid matter
distribution one has
∆Φ− 4piBρΦ = 4Apiρ, (14)
where Φ is the Newtonian gravitational potential, A ≡
(3λ− 1)/(6λ− 1) and B ≡ −2λ/(6λ− 1). As can be seen
the Newtonian limit in the Rastall framework does not
reproduce the well known Poisson’s equation. In fact,
due to the non-minimal coupling an extra term appears.
This new term in Eq. (14), shows that in the classical
limit the source depends on the potential Φ of gravita-
tional field. This puts a strong constraint on λ. It is
worth mentioning that λ should be zero in order to obtain
the usual Poisson equation for weak gravitational fields.
Otherwise for large mass and strong gravitational field
regime, expression (14) could play a crucial role in the
cosmological scenario [111]. Moreover, if ρ = constant
Eq. (14) transforms into Sileeger equation [112]. On
the other hand, the Newtonian limit for the theory (10)
provides the following gravitational potential Φ,
Φ = −1
2
[ξ + Ln (1− ξ)] , (15)
where ξ = ξ(r). In this case the gravitational potential
does not coincide with Newtonian one, this is because an
additional logarithmic term appears. So, in both cases
the corresponding Newtonian limit goes beyond the clas-
sical one. This suggests that such modifications could in-
troduce new insights and implications. Another interest-
ing point to be compared here, are the cosmological and
cluster dynamic consequences. In this respect, Rastall
gravity theory has been theoretically tested as a feasi-
ble framework to explain the ΛCDM model issues. In
this direction abandon exotic fluid such as Chaplygin gas
to explain the existence of dark energy is a viable way.
An interesting way out is to use a non–canonical self–
interacting scalar field as suggested by Rastall gravity
theory [113] or analyzed cosmological models at the back-
ground as well as perturbation level [114]. In this sense,
Rastall’s proposal has proven to be a good candidate to
explain such problems. On the other hand the theory
(10) is also a good alternative to explain dark components
presence. Bertolami and Pa´ramos [110] studied and com-
pared the known dark matter density profiles through
an appropriate power-law coupling f2 = (R/R0)
n (with
n < 0), where was shown that dark matter dominates
at cosmological scales. Although both theories share
the same characteristic ı.e, a non–conservative energy–
momentum tensor and also serve as an alternative the-
ories of gravity which results are commensurable with
those provided by GR, it is not possible to move from one
formulation to another. The main fact is that Rastall’s
field equations are not obtained from a variational prin-
ciple as they are in the case of the theory (10) [107].
III. FIELD EQUATIONS: MULTIPLE SOURCES
In this section we describe the field equations for mul-
tiple matter sources. So, the standard field equations are
given by
Rµν − 1
2
Rgµν = T¯
(tot)
µν , (16)
where T¯
(tot)
µν stands for
T¯ (tot)µν = T
(eff)
µν + αθµν . (17)
The new sector θµν always can be seen as corrections
to the theory and be consolidated as part of an effec-
tive energy–momentum tensor. This extra source could
represent a scalar, vector or tensor fields and introduces
anisotropies within the self–gravitating systems. It is
coupled to the matter sector through a dimensionless
constant parameter ı.e, α. On the other hand, T
(eff)
µν
represents the usual matter sector, that is isotropic,
anisotropic, or charged distributions, among others. In
the present case T
(eff)
µν is given by Eqs. (8)-(9). As
we are interested in studying spherically symmetric and
static fluid spheres, next we regard the most general line
element in the standard Schwarzschild like coordinates
{t, r, φ, θ} to be
ds2 = eν(r)dt2 − eη(r)dr2 − r2(dθ2 + sin2θdφ2). (18)
The staticity of this space-time is ensured by consider-
ing ν and η as functions of the radial coordinate r only.
Putting together equations (8), (9), (16) and (18) one
arrives at the following set of equations
e−η
(
η′
r
− 1
r2
)
+
1
r2
= ρ(eff) + αθtt , (19)
e−η
(
ν′
r
+
1
r2
)
− 1
r2
= p(eff) − αθrr , (20)
e−η
4
(
2ν′′ + ν′2 + 2
ν′ − η′
r
− ν′η′
)
= p(eff) − αθϕϕ. (21)
6where
ρ(eff) =
(3λ− 1) ρ+ 3λp
4λ− 1 , (22)
−p(eff) = − (λ− 1) p+ λρ
4λ− 1 . (23)
The corresponding conservation law ∇µT¯ (tot)µν = 0 asso-
ciated with the system (19)-(21) reads
−dp
(eff)
dr
− α
[
ν′
2
(
θtt − θrr
)− dθrr
dr
+
2
r
(θϕϕ − θrr)
]
−ν
′
2
(ρ(eff) + p(eff)) = 0.
(24)
It is found that the system of non–linear differential equa-
tions (19)–(21) consists of seven unknown functions, the
metric potentials {η, ν}, the thermodynamic observables
{ρ(eff), p(eff)} and the components of the extra source
{θtt, θrr , θϕϕ} . In order to find these unknowns we adopt a
systematic approach. Furthermore, for the system (19)–
(21), the matter content (total energy–density, total ra-
dial pressure and total tangential pressure) can be iden-
tified as
ρ¯(tot)(r) = ρ(eff)(r) + αθtt(r) (25)
p¯(tot)r (r) = p
(eff)(r) − αθrr(r) (26)
p¯
(tot)
t (r) = p
(eff)(r) − αθϕϕ(r). (27)
It is clear that an anisotropic behaviour arises into the
system due to the presence of the θ–sector if θrr 6= θϕϕ . So,
in order to measure the anisotropic behaviour we define
the anisotropy factor as follows
∆ = p¯
(tot)
t − p¯(tot)r = α
(
θrr − θϕϕ
)
. (28)
At this stage the system of Eqs. (19)– (21) could be
treated as an anisotropic fluid, with five unknown func-
tions, namely, the two metric functions ν and η, and the
total functions in Eqs. (25)-(27). However, we are going
to implement a different approach, as explained below.
IV. GRAVITATIONAL DECOUPLING: A MGD
APPROACH
As said before, gravitational decoupling by MGD
scheme becomes a simple and powerful tool to ex-
tent spherically and static isotropic fluid solutions to
anisotropic domains [61]. To see how this approach
works let us start by turning off the coupling α, so
we are describing a perfect fluid solution given by
{ξ, µ, ρ(eff), p(eff)}, being ξ and µ the corresponding met-
ric functions. The metric (18) now reads
ds2 = eξ(r)dt2 − dr
2
µ(r)
− r2(dθ2 + sin2θdφ2), (29)
where µ(r) = 1 − 2mGRr is the standard GR expression
containing the mass function of the fluid configuration.
Next, to see the effects of the θ–sector on the perfect fluid
distribution we turn on the coupling α. These effects can
be encoded in the geometric deformation undergone by
the perfect fluid geometry {ξ, µ} in Eq. (29), namely
ξ → ν = ξ + αh (30)
µ→ e−η = µ+ αf, (31)
where h and f are the deformations introduced in the
temporal and radial metric components, respectively. It
is worth mentioning that the foregoing deformations are
purely radial functions, this feature ensures the spherical
symmetry of the solution. The MGD scheme consists in
set off either h or f . In this opportunity we set h = 0, it
means that the temporal component remains unchanged
and the anisotropy lies on the radial component [61]. So,
we have
µ(r)→ e−η(r) = µ(r) + αf(r). (32)
Upon replacing Eq. (32) in the equations (19)-(21), the
system splits into two sets of equations. The first one
corresponds to α = 0 that is, perfect fluid matter distri-
bution
−µ
′
r
− µ
r2
+
1
r2
= ρ(eff), (33)
µ
(
ν′
r
+
1
r2
)
− 1
r2
= p(eff), (34)
µ
4
(
2ν′′ + ν′ 2 + 2
ν′
r
)
+
µ′
4
(
ν′ +
2
r
)
= p(eff). (35)
From now on we shall call the above system of equations
the Einstein-Rastall system. It can be solved for ρ and
p by using Eqs.(22) and (23), in order to express these
quantities as functions of the metric potentials only [49].
Explicitly we have
− µ
′
r
− µ
r2
+
1
r2
− λ
[
−µ
(
4
r2
+
3ν′
r
)
+
4
r2
− µ
′
r
]
= ρ,
(36)
µ
(
ν′
r
+
1
r2
)
− 1
r2
+ λ
[
4
r2
− µ
(
4
r2
+
3ν′
r
)
− µ
′
r
]
= p,(37)
1
4
[
µ
(
2ν′′ + ν′2 + 2
ν′
r
)
+ µ′
(
ν′ +
2
r
)]
+λ
[
−µ
(
4
r2
+
3ν′
r
)
+
4
r2
− µ
′
r
]
= p.
(38)
As was pointed out earlier, both ρ and p after some alge-
braic manipulations, in their own expressions contain the
Rastall information as was expected. Besides by putting
λ = 0 in Eqs. (36)-(38) one recovers the original GR
7field equations for isotropic matter distributions. Fur-
thermore, by adding (36) to (37) one regains the usual
inertial mass density ρ+ p which is given by
ρ+ p =
µν′ − µ′
r
. (39)
Another interesting point to be noted here, is that the
isotropic condition is exactly the same like in GR ı.e,
4 (1− µ) + 2r (µ′ − µν′) + r2 (2µν′′ + µν′2 + µ′ν′) = 0.
(40)
Equation (40) says that any solution describing a per-
fect fluid matter distribution in GR is also a solution in
the arena of Rastall gravity theory. Obviously there is
a subtlety, since both GR and Rastall theory share only
the geometrical content but not the material one, is in
this sense that ”any” solution to Einstein theory of grav-
ity can be seen as a solution in the gravitational Rastall
framework. So, the other set of equations corresponding
to the factor θ are given by,
−f
′
r
− f
r2
= θtt , (41)
−f
(
ν′
r
+
1
r2
)
= θrr (42)
−f
4
(
2ν′′ + ν′ 2 + 2
ν′
r
)
− f
′
4
(
ν′ +
2
r
)
= θϕϕ. (43)
The sets of equations (36)-(38) and (41)-(43) satisfy
the following conservation equations,
ν′
2
(ρ+ p) +
dp
dr
− λ
4λ− 1
d
dr
(ρ− 3p) = 0, (44)
−ν
′
2
(θtt − θrr) +
dθrr
dr
− 2
r
(θϕϕ − θrr) = 0 (45)
We note that the linear combination of conservation
equations (44) and (45) via. coupling constant α pro-
vides the conservation equation for the energy momen-
tum tensor T¯
µ(tot)
ν = T
µ(eff)
ν + αθµν , as follows
−dp
dr
− α
[
ν′
2
(θtt − θrr)−
dθrr
dr
+
2
r
(θϕϕ − θrr)
]
− ν
′
2
(ρ+ p)
+
λ
4λ− 1
d
dr
(ρ− 3p) = 0.(46)
The Eq. (46) is the same expression as Eq. (24) but in
an explicit form. Furthermore, as can be seen there is
an extra term (the last one) in (46), the so called Rastall
force (or simply the Rastall contribution). This addi-
tional term could in principle be attractive or repulsive
in nature, due to its behaviour depends on the sign of
the Rastall parameter λ.
At this point it is necessary to comment that from
now on the total energy-momentum tensor T
(tot)
µν will be
defined by the following components
ρ(tot)(r) = ρ(r) + αθtt(r), (47)
p(tot)r (r) = p(r) − αθrr(r), (48)
p
(tot)
t (r) = p(r) − αθϕϕ(r), (49)
where ρ and p are given by Eqs. (36) and (37), respec-
tively. This equations contain the additional geometric
terms provided by the Rastall contribution. In this way,
as we will see in the following sections, there will be a full
affect of the Rastall sector in the decoupler function f(r)
and consequently in the θ-sector, as expected. Besides,
the redefinition (47)-(49) does not change the anisotropy
factor ∆ definition given by Eq. (28).
V. EXTERIOR SPACE-TIME: JUNCTION
CONDITIONS
A crucial aspect in the study of stellar distributions is
the junction conditions. These provide smooth matching
of the interior M− and the exterior M+ geometries at
the surface Σ (defined by r = R) of the stellar object, to
investigate some significant characteristics of its evolu-
tion. To study how the junction conditions work in this
context we will assume that the inner stellar geometry
M− is given by the MGD metric,
ds2 = eν(r)dt2−
(
1− 2m(r)
r
)−1
dr2−r2(dθ2+sin2θdφ2),
(50)
where the interior mass function in this case is given
by
4pi
∫ r
0
ρ(tot)r2dr ≡ m(r) = mGR(r) +mλ(r)− αr
2
f(r),
(51)
where we have defined mGR(r) as
mGR(r) =
r
2
[1− µ(r)] , (52)
where from now on we shall call the total mass coming
from the GR sector as mGR(R) = M0. On the other
hand, the mλ(r) term is equal to
mλ(r) =
λ
2
∫ r
0
r2
[
−µ
(
4
r2
+
3ν′
r
)
+
4
r2
− µ
′
r
]
dr,
(53)
where at the boundary becomes Mλ = mλ(R), the
Rastall mass hereinafter. So, when α = λ = 0 the fa-
miliar gravitational mass definition is recovered. At this
stage it is of interest to contrast the so called binding en-
ergy in this context with what is reported in GR. In few
words the binding energy (B.E.) is the difference between
the total mass and the proper mass. Explicitly it reads
B.E. = m(R)−mp(R), (54)
8where the proper mass mp is given by
mp(R) = 4pi
∫ R
0
r2ρ√
1− 2mr
dr. (55)
Since the factor
√
1− 2mr , appearing in the proper mass
mp is less than the unity. Then the proper mass is greater
than the total mass, hence B.E. < 0. Respect to the GR
case, in the present one the proper mass will be little bit
different. The main difference is introduced in the factor
m/r. As it is well known in the isotropic (uncharged)
case this factor at the boundary Σ is bounded by the
Buchdhal limit [115] ı.e, M0R ≤ 49 . On the other hand
in the anisotropic (uncharged) case, the above limit can
be overcome [116]. In this opportunity the ratio m/r is
altered by the Rastall and MGD contributions. So, we
have
m
r
=
mGR +mλ
r
− α
2
f(r). (56)
Then,
1− 2(mGR +mλ)
r
> αf(r). (57)
It is obvious that the above constraint impose some re-
striction in order to avoid non-physical situations. Be-
sides, (57) also imposes some restrictions on the constant
α, since α is not restricted to be a strictly positive quan-
tity. So, the proper mass in this case may be greater or
less than that the GR case. Therefore the B.E. will be
change according the MGD contribution.
Next, the internal manifold (50) should be joined in
a smoothly way with outer space-time. This exterior
manifold in principle could contain some contributions
coming from the θ-sector. So, this means that the ex-
terior space-time surrounding the compact structure is
no longer a vacuum space-time. The most general outer
manifold is described by
ds2 = eν
+(r)dt2 − eη+(r)dr2 − r2(dθ2 + sin2θdφ2). (58)
To match the internal configuration (50) with the exterior
one (58) we employ the well known Israel–Darmois (ID
hereinafter) junction conditions [117, 118] (for a recent
and more clear discussion of how these conditions work
see [119–121]). These conditions are the most general
ones. The ID matching conditions involve the first and
second fundamental forms. The first fundamental form
express the continuity of the metric potentials across the
boundary Σ. More specifically, the metric potentials
describe the intrinsic geometry of the manifolds. So,
the continuity of the first fundamental form across the
boundary of the compact structure, reads[
ds2
]
Σ
= 0, (59)
concisely
eν
−(r)|r=R− = eν
+(r)|r=R+ , (60)
and
1− 2M
R−
= e−η
+(r)|r=R+ , (61)
being M = m(R) the total gravitational mass contained
by the fluid sphere. The second fundamental form is
related with the continuity of the extrinsic curvatureKµν
induced by M− and M+ on Σ. The continuity of Krr
component across Σ yields to[
p(tot)r (r)
]
Σ
= [p(r)− αθrr(r)]Σ = 0. (62)
At this stage some comments are in order. First, p
(tot)
r
has a little different fashion in comparison with the ex-
pression (26) since ρ and p were separated implying that
the Rastall terms are no longer contained in p(eff) through
λ as shown Eq. (9). Now the terms coming from the
Rastall sector are encoded in separate expressions for ρ
and p given by Eqs. (36)–(37). From this point of view
it is clear how Rastall contribution comes into the field
equations. Moreover, from now on we shall denote the
Rastall input as follows
Fλ(r) = λ
[
−µ
(
4
r2
+
3ν′
r
)
+
4
r2
− µ
′
r
]
. (63)
It should be noted that the form of Fλ depends on the
choice of Tµν which in our case is given by Eq. (7) de-
scribing a perfect fluid matter distribution. Hence, p(r)
in Eq. (62) is given by Eq. (37). Second, in this way the
Rastall sector will come into the θ–sector through the
decoupler function f(r) (as we will see later) in order to
see the effects on it. So Eq. (62) reads
[p(r) − αθrr(r)]r=R− = [−Fλ(r) − αθrr(r)]r=R+ . (64)
Equation (64) tells us that the outer space-time receives
contributions from the θ–sector, as well as from the
Rastall non–minimal coupling matter assumption. In
this respect, in the study of compact structures within
the framework of modified gravity theories such as f(R),
the exterior space–time receives contributions from the
inclusion of higher order derivative terms coming from
the Ricci scalar. In principle, these contributions can al-
ter or introduce some modifications on the usual junction
conditions. Moreover, the outer manifold could be differ-
ent from the usual ones ı.e Schwarzschild vacuum solu-
tion, Reissner–Nordstro¨m, for example. At this stage and
based on the previous discussion, a couple of comments
are pertinent in order to clarify how to proceed in mod-
ified type gravity theories. In this direction, Capozziello
et.al [13] have argued that in the f(R) domain the mass–
radius profile undergoes modifications due to the pres-
ence of high order curvature terms such as R2, R3, etc.
Besides, in [122] was discussed the well–known ID match-
ing conditions in the framework of f(R) gravity in con-
sidering both isotropic and anisotropic matter distribu-
tions. They conclude that ID matching conditions are
9not satisfied at all in the f(R) gravity arena. However, in
the present situation, one could dropped out the Rastall
contribution F+λ from the external space–time. To do so,
one needs to consider an outer geometry free from ma-
terial content ı.e, a vanishing energy-momentum tensor
T+µν = 0. Then from Eqs. (4) and (5) one arrives to
Gµν = 0. (65)
The above expression implies (as said before) that both
Einstein and Rastall gravity theories share exactly the
same vacuum solution ı.e, the exterior Schwarzschild so-
lution. If one wants to consider contributions coming
from the Rastall sector, the outer space–time is no longer
vacuum, since it is filled by an effective cosmological con-
stant describing a (anti) de Sitter space–time [54]. So,
Eq.(64) becomes
[p(r) − αθrr(r)]r=R− = [−αθrr(r)]r=R+ . (66)
It remains to be analyzed how the θ–sector affects the ex-
terior geometry. In this case the external solution comes
from solving the field equations
Rµν − R
2
gµν = αθµν , (67)
in conjunction with (58). Hence, the resulting outward
geometry is described by
ds2 =
(
1− 2MSch
r
)
dt2 −
(
1− 2MSch
r
+ αg(r)
)−1
dr2
−r2dΩ2,(68)
where g(r) is the geometric deformation of the exterior
Sch-warzschild space–time associated to the source θµν ,
and MSch denotes the Schwarzschild mass. By using Eq.
(42) in (66) we obtain
p(R) + αf(R)
(
1
R2
+
ν′(R)
R
)
= αg(R)
[
1
R2
+
2MSch
R3
1(
1− 2MSchR
)], (69)
where R− = R+ = R at the surface. It should be noted
that if the geometric deformation function g(r) of the
outer manifold is taken to be null, then one recovers the
original Schwarzschild exterior solution. In consequence
Eq. (69) leads to the condition
p(tot)r (R) = p(R) + αf(R)
(
1
R2
+
ν′(R)
R
)
= 0. (70)
Equation (70) is an important result, since the compact
object will be in equilibrium in a true exterior space–
time without material content (vacuum) only if the total
radial pressure at the surface vanishes. The condition
(70) determines the size of the object ı.e the radius R,
which means that the material content is confined within
the region 0 ≤ r ≤ R. Furthermore the continuity of
the remaining components of the extrinsic curvature Kθθ
and Kφφ yield to
m(R) =M. (71)
VI. STELLAR INTERIOR: TOLMAN IV MODEL
In this section we solve the set of equations (41)–
(43) by imposing some suitable constraints on the θµν
components in order to obtain the deformation function
f(r) and then compute the full energy–momentum tensor
T
(tot)
µν . Among all the possibilities, to tackle the system
of equations (41)–(43) we follow the same procedure as
given in [61]. The imposition of some extra information is
necessary in order to close the system of equations (41)–
(43). Furthermore, to obtain the deformation function
f(r) also is necessary provide a seed solution satisfying
equations (36)–(38). To illustrate how gravitational de-
coupling by means of MGD works in the Rastall gravity
scenario, we apply it to the well known Tolman IV solu-
tion. This space–time was already studied in the context
of MDG in [61] and in the framework of Rastall the-
ory [49]. So, this allows us to compare the resulting de-
formed solution immersed in an anisotropic scenario with
previous results already obtained and therefore establish
whether the study of the compact structures whitin the
arena of Rastall gravity + gravitational decoupling by
MGD approach is plausible, when the matter distribu-
tion contains local anisotropies. Before to proceed we
present the well–known Tolman IV space–time within the
Rastall framework, which is described by the following
metric potentials
eν(r) = B2
(
1 +
r2
A2
)
, (72)
µ(r) =
(
1− r2C2
)(
1 + r
2
A2
)
(
1 + 2 r
2
A2
) , (73)
and characterized by the following thermodynamic ob-
servables (in the Rastall context)
ρ =
1
C2 (A2 + 2r2)2
{
2λ
[
r2
(
2C2 − 11A2
)
− 3
(
A4
+4r4
)]
+ 3A4 +A2
(
3C2 + 7r2
)
+ 2r2
(
C2 + 3r2
)}
,
(74)
p =
1
C2 (A2 + 2r2)
2
{
2λ
[
r2
(
11A2 − 2C2
)
+ 3
(
A4
+4r4
)]
+
(
A2 + 2r2
)(
C2 −A2 − 3r2
)}
.
(75)
At this point a couple of comments are in order. First, it
is worth mentioning that taking the limit λ→ 0 expres-
sions (74)–(75) are the corresponding energy–density and
isotropic pressure of the original Tolman IV solution sat-
isfying Einstein field equations. Second, as was pointed
out earlier expressions (72)–(75) confirm that the geo-
metrical description of any perfect fluid solution of Ein-
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stein gravity theory is also a solution from the geometri-
cal point of view in the Rastall gravity scenario, but con-
taining a more complicated thermodynamical behaviour
due to the non–minimal coupling matter introduced by
the Rastall sector. Now, we proceed to close the problem
by using the mimic constraint scheme.
A. θ-effects: Mimicking the pressure for anisotropy
The so called mimic constraints are some restrictions
imposed at the level of the field equations (36)–(38) and
(41)–(43) after introduce the decoupler mechanism (32).
In principle, these choices lead to well–behaved solutions,
that is, free of undesired physical and mathematical be-
haviors such as singularities, non–decreasing thermody-
namic functions, violation of causality condition, among
others. However, other options can be considered, for
example a direct and adequate representation for the ge-
ometric deformation function f(r) [73, 74, 98] which sat-
isfies the basic requirements of physical and mathemati-
cal admissibility, or relate only the θ–sector components
through a barotropic, polytropic or linear equation of
state. In this opportunity, an acceptable interior solution
is deduced when forcing the associated radial pressure θrr
to mimic the isotropic pressure p(r). Explicitly it reads
θrr(r) = p(r). (76)
This constraint implies that the stress–energy tensor for
the seed solution coincides with the anisotropy in the ra-
dial direction. Consequently Eq. (37) and Eq. (42) are
equals. Thus, this yields to an algebraic general expres-
sion for the deformation function
f(r) = −µ(r) +
[
1
r2
− Fλ(r)
] [
ν′
r
+
1
r2
]−1
, (77)
where Fλ(r) and µ(r) are given by Eq. (63) and Eq. (73),
respectively and ν′ can be obtained from Eq. (72). Then,
the general minimally deformed radial metric potential is
expressed as
e−η = (1− α)µ(r)+α
[
1
r2
− Fλ(r)
] [
ν′
r
+
1
r2
]−1
. (78)
The resulting expression of f(r) after inserting the cor-
responding elements in Eq. (77), is given by
f(r) =
−r2
C2 (A2 + 2r2)
2
(A2 + 3r2)
[(
A2 + r2
)(
6A4λ
+22A2r2λ− 4C2r2λ+ 24r4λ
−5A2r2 + 2C2r2 − 6r4 −A4 +A2C2
)]
.(79)
In general, the deformed Tolman IV solution by virtue of
(77) can be expressed as
ds2 = B2
(
1 +
r2
A2
)
dt2 −
[
(1− α)
(
1− r2C2
)(
1 + r
2
A2
)
(
1 + 2 r
2
A2
)
−α
[
1
r2
− Fλ(r)
] [
ν′
r
+
1
r2
]−1 ]
dr2 − r2dΩ2.(80)
Next, following the discussion in section V, the constant
parameters, namely A, B and C defining the interior
solution can be obtained from
eν(r)|r=R− = [µ(r) + αf(r)] |r=R− = 1− 2
MSch
R+
, (81)
where the Schwarzschild mass MSch coincides at the
boundary Σ with total mass M contained by the sphere.
Furthermore, from Eqs. (62) and (76) we have
(1− α) p(r)|r=R− = 0. (82)
This last expression (82), imposes a natural constraint
on the free parameter α given by
α < 1, (83)
in order to preserve p
(tot)
t > p
(tot)
r at all points inside the
collapsed structure, which in addition ensures ∆ > 0,
what prevents the system from unwanted behavior such
as instabilities. Moreover, from (28) we obtain
p
(tot)
t (r) = p
(tot)
r (r) +
αr2
C2 (A2 + 2r2)
2
(A2 + 3r2)
2
[
8A6λ
+4A4C2λ+ 24A4r2λ+ 12A2r4λ− 24C2r4λ
+12A2C2r2 + 12C2r2 + 3A4C2
]
,(84)
remembering that p
(tot)
r = (1 − α)p. As it is observed
p
(tot)
t imposes a lower bound on α ı.e, α > 0. Thus, the
positiveness of the total tangential pressure throughout
the compact object is ensured. Therefore we have
0 < α < 1, (85)
in order to get a well behaved stellar interior. Another
interesting point to be noted here, is that the condition
(82) leads to
C =
1
2R2 +A2 − 4R2λ
[(
4R2λ− 2R2 −A2
)(
6A4λ
+22A2R2λ+ 24R2λ−A4 − 5A2R2 − 6R4
)]1/2
,(86)
which shows that C is α independent. Moreover, a de-
tailed computation from (81) shows that the remaining
parameters namely A and B also are α independent when
one chooses the constraint (76) (these expressions are to
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long to be displayed here, for this reason we only give the
appropriate comments). So, expressions (81) and (86) are
the sufficient and necessary conditions to obtain the full
set of constant parameters A, B and C describing the
interior solution. On the other hand, the remaining ther-
modynamic observable ρ(tot) can be obtained as follows
ρ(tot)(r) = ρ(r) + αθtt(r), (87)
where ρ(r) is given by Eq. (36) and θtt(r) has the follow-
ing expression
θtt(r) =
1
C2 (A2 + 2r2)
3
(A2 + 3r2)
2
[
18A10a+ 146A8ar2
−20A6C2ar2 + 522A6ar4 − 72A4C2ar4 + 1014A4ar6
−60A2C2ar6 + 1020A2ar8 − 24C2ar8 + 432ar10 − 3A10
+3A8C2 − 31A8r2 + 16A6C2r2 − 125A6r4 + 29A4C2r4
−249A4r6 + 24A2C2r6 − 252A2r8 + 12C2r8 − 108r10
]
.
(88)
The anisotropy factor ∆ is given by the following expres-
sion
∆(r) =
αr2
C2 (A2 + 2r2)
2
(A2 + 3r2)
2
[
8A6λ+ 4A4C2λ
+24A4r2λ+ 12A2r4λ− 24C2r4λ
+12A2C2r2 + 12C2r2 + 3A4C2
]
.(89)
It should be noted that at the center of the compact con-
figuration ∆(0) = 0. This is so because at the center of
the star p
(tot)
t (0) = p
(tot)
r (0). Besides, p
(tot)
t > p
(tot)
r and
p
(tot)
t > 0 everywhere inside the configuration implying
∆ > 0 at all points in the inner solution. Fig. 1 illus-
trates the behaviour of the main salient physical quanti-
ties that characterize the system. It is worth mentioning
that the anisotropic behavior will occur if both pressures
are decreasing in nature in the inner region. In fact, the
incompatibility compared to the isotropic pressure causes
the energy–density to be altered. Obviously, the equilib-
rium of the system under the action of the gravitational
gravity and hydrostatic repulsion is modified. To close
this section we would like to mention that this anisotropic
solution is not unique. As was pointed out before, dif-
ferent elections and relations on the θ components and
the decoupler function f(r) can be assumed. In the next
section, a different constrain is considered yielding to a
different anisotropic solution.
B. θ-effects: Mimicking the density for anisotropy
Another way to close the system (41)–(43) and obtain
a physically and mathematically admissible solution, is to
consider that the isotropic density given by (36) mimics
its ”simile” of the anisotropic sector given by (41). Then
we have
θtt(r) = ρ(r). (90)
So, by equating Eqs. (36) and (41) we arrive to a general
expression for the decoupler function f(r) given by
f(r) = µ(r) − 1 + 1
r
∫
Fλ(r)r
2dr +
D
r
, (91)
being D an integration constant. To avoid divergent be-
havior in the stellar interior we set D = 0. Thus (91)
becomes
f(r) = µ(r) − 1 + 1
r
∫
Fλ(r)r
2dr. (92)
Thus the deformed radial metric potential e−η is given
by
e−η = (1 + α)µ(r) + α
(
1
r
∫
Fλ(r)r
2dr − 1
)
. (93)
Therefore the general deformed Tolman IV solution is
written as
ds2 = B2
(
1 +
r2
A2
)
dt2 −
[
(1 + α)µ(r)
+α
(
1
r
∫
Fλ(r)r
2dr − 1
)]
dr2 − r2dΩ2.
(94)
As before, the parameters A, B and C are obtained from
the junction conditions. However, the imposition of con-
straint (90) slightly changes the information obtained
from condition (62). Now from (62) one gets an expres-
sion for C in terms of α parameter. The consequences
of this α dependency will be a matter of the following
section.
The rest of the principal variables are obtained after
inserting the following decoupler function f(r)
f(r) =
1
8rC2 (A2 + 2r2)
[
3
√
2λA
(
A4 + 2A2C2 + 2A2r2
+4C2r2
)
arctan
(
r
√
2
A
)
− 6A4rλ − 12A2C2rλ
+8A2r3λ− 16C2r3λ+ 32r5λ− 8A2r3 − 8C2r3 − 8r5
]
(95)
into equations (42)–(43). As it is observed from Eq. (95),
there is a global factor 1/r. This factor arises in the
final expression of the decoupler function f(r) after solve
Eq. (90). In principle, this factor introduces a singular
behavior at r = 0. However, this is not a true singularity
in the present case, because the arctan(r
√
2/A) function
is smooth and continuous for all r, hence one can expand
this function in a Taylor series around r = 0 up to first
order in r to eliminated the singular behaviour and keep
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FIG. 1: Mimic Constraint p(r) = θrr . To obtain the trend of the principal thermodynamic observables we have considered
throughout the study the following mass–radius ratio M0/R = 0.2. Moreover, the red curve (dashed) representing Rastall +
MGD corresponds to α = 0.2 and λ = −0.09, for the blue (dashed–dotted) one corresponding to pure Rastall gravity, α and λ
are 0.0 and −0.09, respectively. Next, the green (short–dashed) line corresponding to GR + MGD takes α = 0.2 and λ = 0.0.
Finally, the black curve (solid) is representing GR theory α = λ = 0.0. Upper row: Left panel illustrates the monotonic
behaviour from the center to the boundary of the total radial pressure at all points inside the structure. As it is observed this
quantity vanishes at surface. The Right panel: shows the trend of the total tangential pressure inside the compact object.
Lower row: Left panel exhibits the behaviour of the total energy–density. Finally, the Right panel displays a comparison
between the total radial and total tangential pressure. It should be noted that the presence of anisotropies causes the pressures
values to drift apart.
the dimensionality of all terms. So, the concrete form
once the expansion is performed, is given by
f(r) =
(
5A2λ+ 2C2λ+ 8λr2 − 2A2 − 2C2 − 2r2) r2
2C2 (A2 + 2r2)
.
(96)
After that, the thermodynamic observables can be com-
puted as follows
p(tot)r = p(r) − αθrr (97)
p
(tot)
t = p(r) − αθϕϕ, (98)
and by virtue of (90)
ρ(tot) = (1 + α) ρ(r), (99)
where ρ(r) and p(r) are given by Eqs. (36) and (37),
respectively. The final expressions are too long to be
displayed here, for this reason we have omitted them.
However, the expression corresponding to the anisotropy
factor ∆ is quite small and has the following form
∆(r) = α
(
θrr − θϕϕ
)
=
α
(
3A2λ− 2C2λ+ 2C2) r2
2C2 (A2 + r2)2
.
(100)
As it is observed, the above expression has the usual be-
haviour ı.e, null at r = 0 and positive defined everywhere
inside the compact configuration iff α > 0 and if the nu-
merator is also positive defined. At this stage we have
completed our mathematical and graphical analysis with
Fig. 2. In the next sections, we are going to discuss in
details the affects introduced by MGD on the mass func-
tion and compactness factor and also the mathematical
and physical implications in the Rastall gravity scenario.
13
˜
˜
FIG. 2: Mimic Constraint ρ(r) = θtt. To obtain the trend of the principal thermodynamic observables we have considered
throughout the study the following mass-radius ratio M0/R = 0.2. Moreover, the red curve (dashed) representing Rastall
+ MGD corresponds to α = 0.2 and λ = −0.09, for the blue (dashed–dotted) one corresponding to pure Rastall gravity α
and λ are 0.0 and −0.09 respectively. Next, the green (short–dashed) line corresponding to GR + MGD takes α = 0.2 and
λ = 0.0. Finally, the black curve (solid) representing GR theory α = λ = 0.0. Upper row: Left panel illustrates the monotonic
behaviour from the center to the boundary of the total radial pressure at all points inside the structure. As it is observed
this quantity vanishes at surface. The Right panel: shows the trend of the total tangential pressure everywhere inside the
compact object. Lower row: Left panel exhibits the behaviour of the total energy–density. Finally, the Right panel displays
a comparison between the total radial and total tangential pressure. It should be noted that the presence of anisotropies causes
the pressures values to drift apart.
VII. THE MASS FUNCTION AND
COMPACTNESS FACTOR
In this section we analyze the incidences induced by
gravitational decoupling via MGD on the mass function
m(r) and compactness factor u ≡ m(R)R . In order to
provide a pedagogic explanation, we will start by dis-
cussing the implications of MGD in the context of Ein-
stein’s gravity theory and then we will move to Rastall’s
approach.
As was pointed out in Sec. IV, the MGD process means
to deform one of the metric potentials, namely ν or e−η.
This mechanism allows to separate the seed space–time
with its matter distribution from the new sector θµν ,
geometrically described by the decoupler function f(r).
However, it should be noted that the only way to split
the system of equations (33)–(35) is through the map
expressed by Eq. (32). This is so because, the t − t
component of the Einstein field equations only depends
on the grr metric potential and its derivative. So, if the
MGD is realized on the temporal gtt component of the
metric tensor characterized by ν, there is not way to sep-
arate ρ from θtt. Hence, the anisotropic behaviour enters
to the system via the radial component of the metric
tensor. This entails an important consequence on some
of the macro physical observables defining the compact
structure, specifically its mass and the associated mass–
radius ratio. As it is well–known the gravitational mass
function can be obtained by direct integration of the t− t
component of the Einstein equations, yielding to
mGR(r) =
r
2
[
1− e−λ(r)
]
, (101)
14
which under MGD becomes
m(r) = mGR(r) +mMGD(r) =
r
2
[1− µ(r) − αf(r)] ,
(102)
where we have defined the MGD mass function as follows
mMGD(r) ≡ −αrf(r)
2
. (103)
As it is observed, the original GR mass function mGR(r)
is altered by a quantity (103). In principle, this extra
piece induced by MGD grasp could increase or reduce the
mass of the compact structure. Obviously this depends
on the sign of α and f(r). Given that these process can
occur by different situations, it is very important to keep
in mind that there is a mandatory condition to satisfy: a
strictly positive and increasing mass function everywhere
inside the structure. So, in order to clarify this situation
we summarize all the possibilities as follows
• Case 1: Positive α and positive and increasing
decoupler function f(r) . In this case the mass
of the object is reduced. Nevertheless, this extra
piece must grow less than the original mass function
mGR(r).
• Case 2: Positive α and negative and decreasing
f(r) function. In this opportunity the mass will
increase.
• Case 3: Negative α and positive and increasing
decoupler function f(r). This case is equal to the
case 2.
• Case 4: Negative α and negative and decreasing
deformation function f(r). This case is equal to
the case 1.
It is obvious that the above general analysis, is valid
for all r belonging to the interval [0, R]. Now, the sign of
the constant α depends on several factors. The most im-
portant is associated with the anisotropy factor, which in
general if the seed solution is described by a perfect fluid
matter distribution is defined by (28). So, if θrr > θ
ϕ
ϕ
then α must be positive, otherwise α is negative. On
the other hand, the behaviour of the decoupler function
f(r) is subject to the closure of the θ–sector. As was
pointed out earlier, to close the problem at least from
the mathematical point of view it is necessary to sup-
plement with additional information. For example in
[73, 74, 98], the decoupler function f(r) was specified
without assuming any relation between the seed and θµν
sector or by imposing some constraints on the θµν com-
ponents. Thus, the behaviour of f(r) in the mentioned
cases, is only determined by the behaviour of the µ(r)
metric potential ı.e, positive defined and strictly increas-
ing function with increasing r within the star. In the
present study the situation is quite different because the
deformation function f(r) is obtained by imposing the
so–called mimic constraint, Eqs. (76) and (90). In this
respect, the first of these restrictions involves an inter-
esting situation. When the θrr component is mimicking
the isotropic pressure (p(r)), then the decoupler function
f(r) has the general form
p(r) = θrr(r)⇒ f(r) =
1
1 + rν′(r)
− µ(r). (104)
From the r− r component of the Einstein field equations
p(r) = − 1
r2
+ µ(r)
(
ν′(r)
r
+
1
r2
)
, (105)
as the pressure in the radial direction must be vanish at
the boundary Σ ≡ r = R, from (105) one gets
Rν′(R) =
1
µ(R)
− 1. (106)
Next, evaluating f(r) at r = R from expression (104)
and replacing (106) one arrives to
f(R) = 0. (107)
This implies that the total mass mGR(R) + mMGD(R)
contained by the sphere and observed by a distant ob-
server coincides with the original mass mGR(R). This
is a general result independent of the theory. Now, in
considering the present case, the Rastall mass is also not
modified by MGD. To see this, we obtain the total mass
function m(r) from Eqs. (51)–(53) as
m(r) =
r
2
[1− µ(r)] [1− 4λ]− αr
2
f(r)
+
3λ
2
∫
r [µ(r)ν′(r)− µ′(r)] dr.
(108)
It is evident that when α = λ = 0 the GR mass function
is recovered, what is more if λ = 1/4 the mass function
in not well defined. This reinforce the previous com-
ments about this forbidden value for the Rastall param-
eter. Now, as before, evaluating Eq. (37) at the surface
one obtains
Rν′(R) =
1− 4λ+ λrµ′(R) + 4λµ(R)− µ(R)
µ(R) (1− 3λ) , (109)
subject to λ 6= 1/3. Then, replacing the above result in
Eq. (77) evaluated at the boundary, after some algebra
one gets again
f(R) = 0. (110)
So, in this case (pr = θ
r
r) the mass of the compact con-
figuration is given by the GR gravitational mass plus
Rastall contribution. The mass function m(r) associated
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to the model under study is given by
m(r) =
r
2

1−
(
1− r2C2
)(
1 + r
2
A2
)
(
1 + 2 r
2
A2
)

 [1− 4λ]
+
αr3
2C2 (A2 + 2r2)2 (A2 + 3r2)
[(
A2 + r2
)
×
(
6A4λ+ 22A2r2λ− 4C2r2λ+ 24r4λ
−5A2r2 + 2C2r2 − 6r4 −A4 +A2C2
)]
+λ
3
(
A2 + 2C2
)
r3
4C2 (A2 + 2r2)
. (111)
Therefore, if the mass remains unchanged when the
isotropic pressure is mimicked the same occurs with
the compactness factor u, since it depends on the to-
tal mass M . To support the previous discussion Fig.
3 shows the behaviour of the MGD mass and the de-
coupler function inside the star (upper panels). As can
be seen both mMGD(r) and f(r) are vanishing at the
boundary of the configuration implying that there is not
contribution coming for the MGD sector to the total
mass of the object. In fact. this is the peculiarity of
the constraint (76), the mass inside the star is redis-
tributed around the core while towards the boundary
is attenuated. One can confirm this by contrasting the
Rastall+MGD and pure Rastall density profiles given in
Fig. 1 (left lower panel), where it is observed that the
density is greater in the Rastall+MGD scenario than in
the pure Rastall case at some point before reaching the
surface, where the Rastall+MGD curve (red) has a dis-
continuity ı.e, is dominated by the pure Rastall scenario.
The other test that shows that the mass is only redis-
tributed within the structure is reflected in Fig. 3 (lower
panels) which clearly illustrates that both the mass func-
tion m(r) and the compactness parameter as a function
of the radial coordinate u(r) remain unchanged in both
domains: Rastall+MGD and pure Rastall. Besides, we
have displayed in the same plots the GR and GR+MGD
cases to prove that this is a general result, independent of
the underlying theory. To finalize the discussion regard-
ing the mimic constraint (76), it should be noted that
the mass function curve in the Rastall+MGD and pure
Rastall setting coincide at r = 0 and r = R while from
r/R = 0.3 to r/R = 0.9 (approximately) are slightly jar-
ring (the same occurs with the compactness parameter),
this difference also shows the mass displacement within
the object around the core.
On the other hand, the situation is quite different when
θtt mimics the seed density ρ(r) (90). In this case,
the mass function m(r) associated with this constraint is
FIG. 3: Mimic Constraint p(r) = θrr . The top left panel
shows the MGD mass function (103) versus radial coordi-
nate r/R while the right panel represents the deformation
function f(r) against the radial coordinate r/R correspond-
ing to Rastall+MGD (dashed curve) and GR+MGD (dotted
curve). We observe from figures (top one) that the value
of the MGD mass function is same at the boundary r = R
in both Rastall and GR theories, because the deformation
function vanishes at the boundary r = R. bottom left fig-
ure illustrates mass function (111) inside the stellar struc-
ture for the Rastall+MGD (dashed), Rastall (dot–dashed),
GR+MGD (dotted), and GR (solid) scenario. The bottom
right figure shows the compactness u ≡ m(r)
r
versus radial
coordinate r/R with the same description the curve as in left
panel. As we see, clearly the mass functionm(r) and compact-
ness u coincide at the boundary r = R for Rastall+MGD and
pure Rastall case. This situation also occurs for GR+MGD
and GR scenarios. This happens due to the no contribution
of MGD mass at the boundary i.e. mMGD(R) = 0.
given as
m(r) = (1 + α)
(
r
2

1−
(
1− r2C2
)(
1 + r
2
A2
)
(
1 + 2 r
2
A2
)

[1− 4λ]
+λ
3
[
A2 + 2C2
]
r3
4C2 [A2 + 2r2]
)
.
(112)
As Fig. 4 demonstrates, the usage of this restriction
leads to an increase in the mass of the compact object (see
left panel in the lower row). This is so because the total
mass M = m(R) is proportional to the total seed mass
M0 +Mλ by a factor (1 + α). Of course, this happens
since α > 0 and f(r) < 0 (Fig. 4 right panel in the
upper row ), otherwise the mass will decrease. This case
corresponds to mentioned case 1 above. As the mass
increases in both scenarios Rastall + MGD and GR +
MGD, then the compactness factor also increases (right
lower panel in Fig. 4). Remembering that we have fixed
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FIG. 4: Mimic Constraint ρ(r) = θtt. The top left panel
shows the MGD mass function (103) versus the radial co-
ordinate r/R, while the right panel represents the deforma-
tion function f(r) versus r/R corresponding to Rastall+MGD
(dashed curve) and GR+MGD (dotted curve). Here the sit-
uation is different than the previous mimic constraint. The
MGD mass is increasing monotonically throughout within the
stellar object and it has greater value in Rastall case, which
is happening due to the trend of deformation function f(r)
within the object. bottom left figure illustrates mass func-
tion (112) inside the stellar structure for the Rastall+MGD
(dashed), Rastall (dot-dashed), GR+MGD (dotted), and GR
(solid) scenarios. The bottom right figure shows the com-
pactness u ≡ m(r)
r
against the dimensionless radial coordi-
nate r/R with the same description of the curve as in left
panel. It is clear from both bottom figures that the massm(r)
and compactness u in Rastall+MGD case is larger than the
pure Rastall, GR+MGD and pure GR cases within the stellar
structure. However, m(r) and u(r) have approximately the
same value in pure Rastall and GR+MGD within the object.
u = M0/R = 0.2, it is clear that the MGD contribution
always arises as a mass generator, taking into account
that this strongly depends on the sign of α and f(r).
A. Bounds induced on α and λ by observational
data
In considering that the previous results depend on the
choice made on α and λ, in order to provide a more real
picture and reliable model we bound the mentioned pa-
rameters by using real observational data. In this op-
portunity we have selected the well–known millisecond
pulsar PSR J1614–2230. The mass of this neutron star
is 1.97 ± 0.04M⊙ and corresponds to the highest pre-
cisely measured neutron star mass determined to date.
It is worth mentioning that to determine the radius R
of these structures, it strongly depends upon two main
ingredients: i) the equation of state (EoS) driven the in-
teraction inside the star, and ii) the method employed to
observe the object, for example X–rays, Shapiro delay,
etc. In this regard, the EoS could describe the inter-
action of nucleons, nucleons coupled to exotic hadronic
matter such as hyperons or kaon condensates and strange
matter (formed by u, d and s quarks), to name a few. On
the other hand, the method could or not provide infor-
mation about the size of the configuration ı.e, its radius
R. For example, the measures based on X–rays provide
information on the mass–radius ratio of the object, thus
the radius R can be predicted. However, the Shapiro
delay provides no information about the neutron star ra-
dius. In this case to fix the radius R and explore the
limit of the theory, we shall follow the information given
in [123]. In that work, the radius R of the millisecond
pulsar PSR J1614–2230, can be inferred by looking at
the M–R curve. In this concern, Demorest et al.[123]
used the Shapiro delay approach together with different
EoS, thus determining which interaction leads to obtain-
ing the reported mass value for PSR J1614–2230. What
is more, when nucleon interaction is considered the ra-
dius range is 11− 15 [km], while for the strange matter,
it is 10− 11 [km] (for further details see Fig. 3 in [123]).
Before starting to discuss about the boundedness of the
parameters α and λ, we would like to highlight some it is
important to mention that we shall concentrate the anal-
ysis only in the mimic constraint given by Eq. (90). As
was discussed previously, the restriction (76) only causes
a mass redistribution inside the compact structure. Then
the total mass M and its associated compactness pa-
rameter u are not altered. Besides, α is automatically
bounded by above and below as shown Eq. (85). To un-
derstand how these parameters are disturbed under the
mimic constraint (90). For this purpose, we start revis-
iting the GR+MGD scenario and then the pure Rastall
case. Finally, the Rastall+MGD framework will be dis-
cussed.
Since any affection on the total mass M is reflected
in the compactness factor u, it is better to deal with
u instead of M . This is so because u tell us how the
compact the object is. So, by virtue of Eq. (99) one gets
M = (1 + α)M0, (113)
remembering that the subscript 0 stands for pure GR
scenario. Then,
u = (1 + α) u0, (114)
where the condition u/u0 > 1 implies α > 0. On the
other hand, for isotropic fluid spheres the Buchdahl limit
in the context of GR says that u0 ≤ 4/9. The extreme
case u0 = 4/9 in conjunction with α > 0 establishes a
lower bound, being the upper one uBH = 1/2, that is,
the black hole limit. Of course, a compact object whose
mass–radius ratio corresponds to 4/9 has not yet been
reported. What is clear, is the fact that MGD allows for
more compact structures within the context of GR. Fol-
lowing the same spirit, in the framework of pure Rastall
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gravity, the mass and compactness factor are also altered,
by the non–trivial contribution introduced by the Rastall
sector. In this case the mass–radius ratio reads
u = u0 (1− 4λ) + 3λ
2R
∫ R
0
r (µν′ − µ′) dr. (115)
Then, to assure u > u0 one requires
λ
[
3
2R
∫ R
0
r (µν′ − µ′) dr − 8u0
]
> 0. (116)
It is evident that to satisfy the above restriction, the sign
of λ depends on the sign of the bracket, what is more
the result of the integral term depends on the choice of
the metric potentials. Now if MGD is incorporated and
taking into account (99), equation (115) becomes
u = [1 + α]
[
u0 (1− 4λ) + 3λ
2R
∫ R
0
r (µν′ − µ′) dr
]
.
(117)
As can be seen α and λ are quite involved. So in general,
it is not an easy task to determine the magnitude and
sign of these parameters, in order to have u > u0. But
for this specific situation, where ν and µ are given by
(72)–(73), the total mass M reads
M ≃ [1 + α]
[
2
(
A2 + C2 +R2
)− λ (7A2 + 6C2 + 8R2)
4C2 (A2 + 2R2)
]
R3,
(118)
and the expression (117) becomes
u ≃ [1 + α]
[
u0 (1− 4λ) + λ
3
(
A2 + 2C2
)
R2
4C2 (A2 + 2R2)
]
. (119)
As was pointed out before, α and λ are too much in-
volved to be bounded separately. So, to explore the limit
of the theory ı.e, Rastall+MGD, we shall proceed in the
same way as proposed by Linares et al. [124]. In that
article, the authors studied the impact of Weyl contri-
butions inside and outside of the star in the framework
of the brane world. The maximum compactness factor
was obtained by analyzing the total mass M behaviour
against the radius R and by considering different orders
of magnitude for the brane world parameter. So, follow-
ing the same spirit, we take different orders of magnitude
for λ to elucidate the limit of the theory under this partic-
ular solution. At this point some comments are in order.
First, to assure M > 0 from Eq. (118) one has
λ <
2
(
A2 + C2 +R2
)
7A2 + 6C2 + 8R2
. (120)
As can be seen, the maximum order of magnitude of the
right member in (120) is 10−1. This bound is indepen-
dent of the values that A, C and R take. Second, al-
though α > 0, it cannot be arbitrarily large, since the
FIG. 5: The M–R curve for different values of λ mentioned in
table I and α = 0.1. See text for more details.
TABLE I: The total mass M and compactness factor u for
different values of λ, R = 11.7 [km], α = 0.1, M0 = 1.97M⊙
and u0 = 0.248052.
λ M/M⊙ u
10−2 2.099 0.264257
10−3 2.160 0.271992
−10−3 2.174 0.273722
−10−2 2.236 0.281562
−10−1 2.919 0.367612
extreme limit for the compactness factor corresponds to
the black hole one ı.e, uBH = 1/2. Then from (114), it
is evident that the exceeding order of magnitude more
than 10−1 can create an unrealistic situation for some
u0. Thus, plausible lower and upper bounds for α are
0 < α ≤ 10−1. (121)
So, as it is appreciated in Fig. 5 the maximum to-
tal mass M and compactness factor u (purple curve)
correspond to the lowest value of λ (see table I). Re-
spect to the compactness factor, its value is bounded by
the extreme GR isotropic case, that is, 4/9. However,
u = 0.367612 is beyond the usual data reported in the lit-
erature within the framework of pure GR in dealing with
isotropic/anisotropic compact objects. Besides, the total
mass M = 2.919 is also above the apprised experimental
data. Hence, there is a clear tendency to increase the
total mass and mass–radius ratio values when λ changes
both its magnitude and sign.
VIII. ANALYSIS AND DISCUSSION
In this section we analyze the physical consequences of
the results obtained in VIA and VIB. So, the pertinent
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comments for the resulting interior solution obtained in
VIA are :
1. Regarding the junction conditions. The first funda-
mental form carries an interesting conclusion about
the extra piece introduced by the decoupler func-
tion in the radial metric potential e−η. In perform-
ing the matching conditions with the vacuum ex-
terior space–time described by Schwarzschild solu-
tion (see Eq. (81)), the geometric sector describing
the deformed part is totally vanished. This means
that the total mass contained by the sphere seen
by a distant observer matches the original mass of
the object ı.e, m(R) = M0 +Mλ. An important
point to be noted is that for r < R the mass func-
tion m(r) carries the MGD contribution. This is
because the energy–density has and extra contri-
bution coming from the θ–sector. Therefore, the
seed energy–density ρ is altered by the presence of
this additional contribution. Nonetheless, the mass
remains the same with or without θ–sector. From
the physical point of view, as it is shown by the
left panel of Fig 1 (lower row) in the framework of
Rastall+MGD (red curve) the total energy–density
dominates other scenarios. The object is denser at
the center in the Rastall+MGD background, but
towards the surface, the total energy–density is
dominated by other scenarios. This behavior sug-
gests that the same mass is redistributed around
the core of the star and diminishing towards the
surface of the object.
2. From the second fundamental form, explicitly given
by Eq. (82) one gets and expression for the con-
stant C independent of the free parameter α. this
implies that C takes the same values in considering
pure Rastall gravity and Rastall+MGD approach.
Moreover, as p
(tot)
r = (1− α) p(r), the resulting
central pressure is below the central pressure in
Rastall gravity as illustrates Fig. 1 in the upper
row (left and right panels). This α–independence
is a feature of the mimic constraint (76). In addi-
tion as α is restricted to belong to (0, 1) in order to
obtain an admissible interior solution, by imposing
(76) the resulting object’s core will be denser when
adding MGD approach to other theories and the
central pressure will be less than the seed central
pressure.
3. Local anisotropies arising in the system due to the
presence of the extra source θµν , introduce a pos-
itive anisotropy factor ∆(r) at all points inside
the compact structure. This is a very important
issue in the study of compact configurations be-
cause a positive anisotropy factor introduces a re-
pulsive force that counteracts the gravitational gra-
dient. Therefore preventing the compact object
from collapsing below its Schwarzschild radius. In
addition stability and balance mechanisms are en-
hanced [125, 126]. Besides, as was pointed out by
Gokhroo and Mehra [127] a positive anisotropy fac-
tor allows to build more compact objects. In the
present study, this feature is depicted in the right
panel (lower row) of Fig. 1. It is observed that
both the total radial and total tangential pressures
coincide at the center and then drift apart towards
the boundary of the object.
4. Another relevant point is the macro information of
the compact structure ı.e, the mass and radius, ob-
tained from astrophysical observations. Both quan-
tities are related by means of the compactness fac-
tor u, which is related with the surface gravitational
red–shift zs. Explicitly
zs =
1√
1− 2u − 1. (122)
In considering isotropic fluid spheres u has and up-
per bound known as Buchdahl’s limit [115] given
by u ≤ 4/9. By taking the equality, the maxi-
mum allowed gravitational surface red–shift for an
isotropic spherical matter distribution is zs = 2.
Nevertheless, Ivanov studies [128] suggested that
when anisotropies are included in the stellar inte-
rior, the surface gravitational red–shift increases its
maximum value in comparison with its isotropic
counterpart. Obviously, zs can not be arbitrar-
ily large and its maximum value depends on the
mechanism to introduce anisotropies into the sys-
tem. In this respect as we discussed above, the
mimic constraint (76) does not alter the total mass
(keeping the same radius) of the configuration, only
is redistributed within the object. So, in this case,
the observed zs does not change despite the system
contains local anisotropies [61, 77]. The reasons be-
hind this behavior is due to the MGD contribution
encode in the decoupler function f(r) is vanishing
at the boundary r = R of the structure. Therefore
the original total mass of the objectM =M0+Mλ
remains unaltered. This is corroborated in the up-
per panels in Fig. 3, as can be seen the MGD mass
has not the usual strictly increasing behaviour with
increasing radius, it has two identical minimum val-
ues (mMGD = 0) at r = 0 and at r = R. This
is supported by the upper right panel where, it is
evident that f(R) = 0. Besides, the mass func-
tion and compactness parameter illustrated in the
lower panels of Fig. 3 certify that for Rastall and
Rastall+MGD, the mass function and the mass–
radius ratio are exactly the same (to reinforce this
point we have added the GR and GR+MGD cases
to show that this result is independent of the the-
ory).
Now we proceed with the appropriated comments for
the results obtained in VIB. In this respect, the mimic
constraint (90) gives more interesting results than the
mimic constraint (76).
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1. By imposing the mimic constraint (90), the result-
ing junction conditions provide new insights in con-
sidering the total mass of the compact object. This
time the extra piece f(r) contributes to the match-
ing conditions. This means that the coupling con-
stant α has an active role. So, the observed mass
is no longer the same. This is so because
m(r) = 4pi
∫
ρ(tot)r2dr = 4pi
∫
(1 + α) ρr2dr, (123)
then
m(r) = (1 + α) (mGR +mλ) (r). (124)
Therefore, by virtue of (90) the mass function m(r)
is proportional to the mass of the seed solution
given by mGR+Mλ. However, the maximum value
that the mass and energy–density of the compact
structure can take, is strongly constrained by the
values taken by the dimensionless constant α. This
is because parameter C now depends on α and λ.
This is evident from the condition of null pressure
on the surface of the object, which is different from
the case previously considered where the constant
C only depended on the Rastall parameter λ. The
behavior of the constant C, in this case, determines
the energy–density behavior at the center of the ob-
ject and consequently the value of its mass. So, to
obtain a denser object, we need to go in the direc-
tion of increasing energy–density and mass. This
is possible by assigning small values to parame-
ter α, which implies that the constant C decreases
in module. Nevertheless, the value of parameter
α cannot be arbitrarily small since the effects of
anisotropy on the stellar interior would be negligi-
ble. In addition, negative values of α would intro-
duce instabilities in the system since the total tan-
gential pressure would be less than the total radial
pressure, which represents a physically inadmissible
situation.
2. With respect to the central pressure, it increases if
the magnitude of α decreases. If α is very small
(close to zero) the anisotropy from θ–sector will
be negligible. If α is negative then the anisotropy
factor ∆ will be too, introducing into the system
a force attractive in nature. In conclusion, α is
bound to be positive defined. However, it should be
noted that the restrictions imposed by choice (90)
on the parameter α depend on the chosen seed so-
lution. For example, for the Heintzman IIa [75] and
Durgapal-Fuloria [77] isotropic models, studied in
the framework of GR+MGD, the mimic constraint
(90) only allows negative values for α, which en-
sures a physically acceptable solution.
3. Finally, it is important to highlight that in the
present case the observational differences between
isotropic and anisotropic distributions are evident.
Due to the total mass varies then compactness fac-
tor u changes. This fact alters the surface gravi-
tational red–shift zs value. It follows immediately
from the definition of zs
zs(α) =
1√
1− 2u(α) − 1, (125)
where the α dependency is explicit, if α increases
then the mass grows, in consequence u increases.
Hence, the factor 1/
√
1− 2u(α) increases imply-
ing that zs grows its value as it is expected when
the compact object becomes denser. To verify the
impact of MGD on the main macro physical ob-
servables by using (90) we have performed the same
analysis as before. As Fig. 4 illustrates, the mMGD
mass (upper left panel) behaves as usual ı.e, in-
creasing function with increasing radial coordinate,
reaching its maximum value at the surface. On the
other hand, the deformation function f(r) (upper
right panel) has a decreasing behaviour with in con-
junction with a positive α provides in principle a
total mass increased by a certain amount (it should
be noted that the total mass also depends on λ).
The lower panels sketched the mass function and
mass–radius relation, where the MGD effects on
these quantities are evident.
To conclude this section 7.1, it is important to highlight
that we have explored the limits of the theory under the
assumption of this particular model, by bounding the
free parameters α and λ with the help of real observa-
tional data. For the limits we mean the maximum and
minimum order of magnitude of α and λ yielding to a rea-
sonable results from the astrophysical point of view ı.e,
plausible values for the total mass M and mass–radius
ratio u. The analysis was performed by considering the
restriction (90) only. This consideration is based on ear-
lier discussions about how mimetic constraints modify
the main features of the system. As illustrated by ta-
ble I and Fig. 5, in the scenario of Rastall+MGD it is
possible to get more massive and compact objects than
in the GR domain. Notwithstanding, the extreme value
u0 = 4/9 corresponding to the isotropic case in the GR
arena remains as an upper bound, despite the matter
distribution in this case contains local anisotropies. Of
course, the possibility of overcoming 4/9 in principle de-
pends on the model, since α and λ are subject to the
metric functions and thermodynamic variables. In the
critical case u0 = 4/9 ⇒ u > 4/9, then the black hole
value uBH = 1/2 becomes automatically in the maxi-
mum bound for u. In the present case, it is evident that
when λ decreases M and u increase. However, it is clear
that λ is not a variable parameter, but it is necessary
to take at least different orders of magnitude to establish
what are the maximum values ofM and u allowed by the
theory. On the other hand, all this analysis allows to elu-
cidate how the Buchdahl limit is affected when one moves
from GR framework to Rastall scenario (with and with-
out MGD). As the expressions (115) and (117) shows the
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new contributions to this important quantity are non–
trivial. Besides, these contributions strongly depend on
the selected model, since it also determines the signature
of the parameters α and λ which are too much involved
in the mass–radius ratio. It is worth mentioning that
any order of magnitude outside the range considered for
λ and α in this opportunity, is ruled out. This is because
the space parameter {A,B,C} becomes imaginary.
IX. CONCLUDING REMARKS
We extended gravitational decoupling via minimal ge-
ometric deformation approach into the Rastall gravity
scenario. To illustrate how this methodology works in
the background of Rastall gravity, the well known Tol-
man IV space–time describing a spherically symmetric
and static perfect fluid sphere was analyzed. This model
was already studied in the light of general relativity +
minimal geometric deformation scheme [61] and in the
arena of pure Rastall theory [49]. In both cases, the re-
sulting model respects the general requirements in order
to describe a well–behaved solution.
Since Rastall theory of gravity contains an extra term
which deviates the attention from general relativity be-
havior, in this work we have investigated the effects of
this extra term and the possibility to obtaining com-
pact structures which could serve to describe neutron
or quark stars. Due to the presence of this additional
term, the minimal coupling matter breaks down and in
consequence, Bianchi’s identities are violated (the con-
servation law of the energy–momentum tensor). This
issue could in principle modified the junction condition
mechanism as happened in f(R) gravity, for example. In
this respect, we have discussed extensively how Rastall
contribution remains inside the compact configuration,
allowing the implementation of the most general match-
ing conditions ı.e, the Israel-Darmois junction conditions
[117, 118]. Moreover, as was pointed out by Rastall [1],
his proposal and Einstein theory share the same vacuum
solution, the outer Schwarzschild space–time.
To translate the Tolman IV solution to an anisotropic
domain in the Rastall framework, we have followed the
same approach given in [61]. This approach consists in
imposing some suitable conditions relating the thermo-
dynamic seed observables with the corresponding com-
ponents of the new sector ı.e, the θ–sector. With this
extra information at hand, the problem is closed because
the decoupler function f(r) and the full θ–sector is deter-
mined. The methodology followed in this work in order
to tackle the system of equations (41)–(42) is known as
the mimic constraints approach. Among all the possibil-
ities the most common ones worked in the literature are:
i) p(r) = θrr , ii) ρ = θ
t
t, that is the r−r component of the
θ–sector mimics the seed pressure p(r) and the t− t one
mimics the seed energy–density ρ(r). However, it should
be noted that an adequate decoupler function f(r) can
be imposed in order to close the problem (for more de-
tails see [73, 74, 98]). The advantage of both proposals
are evident. Regarding the first one, it allows to obtain
the decoupler function f(r) in an easy way. This is so be-
cause, one obtains after equating the corresponding field
equation for p(r) and θrr is an algebraic equation (see Eq.
(77)). The second choice does not lead to an algebraic
equation, but to a first order differential equation (Eq.
(92)). At this point, it is worth mentioning that in the
case of general relativity + minimal geometric deforma-
tion, the Rastall contribution Fλ is not there. So, obtain
the decoupler function f(r) is easier than our case, due
to the Rastall piece Fλ strongly depends on the metric
potentials µ(r) and ν(r) (63). So, when the t − t com-
ponent of the θ–sector mimics the seed energy–density ρ,
this additional term could introduce some mathematical
complications.
The emergence of Rastall term after impose the mimic
constraints, is due to after splitting the system of equa-
tions (19)–(21) by introducing the minimal geometric de-
formation (32), the resulting seed sector (33)–(35) was
solved in order to express p(r) and ρ(r) in a separate way.
The resulting expressions for ρ(r) and p(r) are (36) and
(37) respectively that contain the usual Einstein terms
and the Rastall contribution. This additional term is
coupled to the field equations via a dimensionless con-
stant λ, the so–called Rastall’s parameter [1]. Clearly, in
the limit, λ → 0 Einstein’s gravity theory is recovered.
Thus, the fact to separate p(r) and ρ(r) introduces the
Rastall contribution into the θ–sector through the defor-
mation function f(r). Therefore, the incidence of Rastall
contributions are evident. Since, not only Rastall’s pa-
rameter λ is affecting the dynamic of the solution, but
also the extra geometrical terms.
Mimic constraint methodology does not introduce new
information into the problem. Because, these constraints
are imposed at the level of the field equations, relating
them after separate the system of equations (33)–(35) by
means of minimal geometric deformation approach. The
consistency of these choices is reflected in the obtained
solutions. Where in both cases, the evolution of thermo-
dynamic parameters reveals an appropriate behavior as
dictated by the basic requirements associated with the
study of compact structures. Furthermore, the mimic
constraint grasp plays an important role in some obser-
vational parameters such as the surface gravitational red-
shift zs. As it is well–known the surface gravitational
red–shift relates the macro observables features of any
compact configuration ı.e, the mass and radius. In this
respect, Ivanov studies [128] suggest that zs changes in
magnitude when anisotropies are present in the material
content. Moreover, Bo¨hmer and Harko [116] discussed
the effects on the compactness factor in the anisotropic
matter distribution case. Notwithstanding, in the present
study, the mimic constraint p(r) = θrr does not modify
the total mass of the compact object, it only redistributes
the mass inside the stellar interior. Consequently, the
compactness factor u and surface gravitational red-shift
zs remain unchanged, which makes it difficult to dis-
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tinguish between an object whose material content is
isotropic from an anisotropic one. In distinction with
the case ρ(r) = θtt where the total mass of the object
is modified, therefore the observational implications are
different.
To show how the anisotropic effects introduced by the
θ–sector work in the Rastall framework, we have revisited
the behavior of the main salient features in the arena of
general relativity, general relativity + gravitational de-
coupling minimally deformed and pure Rastall theory.
In this concern we have fixed the space parameter to
be {u, α, λ, } = {GR {0.2, 0, 0}; GR+MGD {0.2, 0.2, 0};
RT {0.2, 0,−0.09}; RT +MGD {0.2, 0.2,−0.09}} (RT
means Rastall theory). From fig. 1 (these plots corre-
spond to p(r) = θrr solution) it is clear that the RT+MGD
radial and tangential pressures dominate the correspond-
ing ones in the picture of GR and GR+MGD. Nonethe-
less, RT dominates all frames. Particularly, in com-
paring RT with RT+MGD, the final radial pressure in
RT+MGD represents only a portion of the pressure of
the RT, indeed p(r)(RT+MGD) = (1− α) p(r)(RT). On the
other hand, the final energy–density in the RT+MGD
dominates all scenarios. So, by using p(r) = θrr the fi-
nal configuration is denser than GR, GR+MGD and RT.
However, the increase in energy–density does not reflect
a change in the total mass of the object (as discussed
earlier). In Fig. 2 (these plots correspond to ρ(r) = θtt
solution), the salient radial and tangential pressure in
the RT+MGD picture dominate GR, GR+MGD and RT,
what is more the salient energy–density also dominates
over GR and GR+MGD and RT. Finally, both solutions
present a positive anisotropy factor ∆. In fact, this char-
acteristic avoids the system to undergo unstable behav-
ior. To back up this analysis and in order to provide
some physical meaning to the mimic constraint approach,
we have done a detailed study of the impact on the to-
tal mass contained by the fluid sphere and its associated
mass–radius ratio. This study is displayed in Sec. VII
and supported by Figs. 3 and 4.
Moreover, by fixing the real observational data M0 =
1.97M⊙ and R = 11.7 [km], corresponding to the mil-
lisecond pulsar PRS J1614–2230 [123], we have investi-
gated the maximum total mass M and compactness fac-
tor allowable for the theory under this particular model.
To do so, we have bounded α and λ by using (90) and the
salient physical variables associated to this constraint (we
have not analyzed the situation when the restriction (76)
is imposed, because as was discussed this constraint does
not modify the mass), determining that the maximum
values for M and u are 2.919 and 0.367612, respectively.
In table I are displayed different values for M and u cor-
responding to different orders of magnitude for λ and
α = 10−1. Any other order of magnitude for λ and α is
discarded, since the parameter space that describes the
geometry of the considered model ı.e, {A,B,C} becomes
imaginary. In this concern, it should be highlighted that
this is the first time that Buchdahl limit is explored
within the framework of Rastall gravity theory (with and
without MGD). As can be seen the non–trivial contribu-
tions coming from Rastall side (and also from MGD sec-
tor), provides a numerical data which is outside the scope
of what is usually reported in the study of compact struc-
tures. However, the value 4/9 still remains upper bound
limit of the compactness. To overcome the value 4/9 one
needs to consider the GR compactness factor u0 equal
to this quantity, then the resulting numerical data for u
will be greater than 4/9. Nevertheless, in that case the
upper bound becomes the black hole one ı.e, uBH = 1/2.
From the above facts, the physical meaning for mimic
constraints: p(r) = θrr (76) and ρ(r) = θ
t
t (90) can be
elucidated. In considering the first mimic constraint, it
is clear that anisotropy enters the system by perturbing
the seed pressure. This in principle suggests, that some
of the macro physical observables of the system such as
the total massM and related quantities such as the com-
pactness factor u and the surface gravitational red–shift
zs are not altered. On the other hand, the second mimic
constraint introduces anisotropy by disturbing the den-
sity of the seed solution. Clearly, the aforementioned
observables and their related quantities are directly af-
fected. In conclusion, if the anisotropy enters the system
through a change in the original pressure of the system,
from the physical point of view, certain quantities of the
original system are preserved, while if it enters due to
density disturbances, these quantities are modified.
As a final remark, we want to highlight two things.
First, it is possible to obtain well behaved stellar inte-
riors in the framework of Rastall gravity by using grav-
itational decoupling via minimal geometric deformation
approach. The two families of solutions found in this
work satisfy and share all the physical and mathemat-
ical properties required in the study of compact con-
figurations, which serve to understand the behavior of
real astrophysical objects such as neutron stars, for ex-
ample. Second, it was found that Rastall theory is a
promising scenario to study the existence of compact
structures described by an anisotropic matter distribu-
tion, which results can be contrasted with the well–posed
general relativity theory. Moreover, as was discussed in
Sec. II among all the features that Rastall gravity the-
ory shares with other non–conservative modified gravity
theories [107–110], it should be noted that in the cosmo-
logical scenario [113, 114] stands as a viable and promis-
ing proposal which, together with the study carried out
in this work on stellar interiors, can potentially answer
some of the unknowns that are open today.
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